Abstract. The dispersionless Whitham modulation equations in one space dimension and time 4 are generically hyperbolic or elliptic, and breakdown at the transition, which is a curve in the 5 frequency-wavenumber plane. In this paper, the modulation theory is reformulated with a slow 6 phase and different scalings resulting in a phase modulation equation near the singular curves which 7 is a geometric form of the two-way Boussinesq equation. This equation is universal in the same sense 8 as Whitham theory. Moreover, it is dispersive, and it has a wide range of interesting multiperiodic, 9 quasiperiodic and multi-pulse localized solutions. This theory shows that the elliptic-hyperbolic 10 transition is a rich source of complex behaviour in nonlinear wave fields. There are several examples 11 of these transition curves in the literature to which the theory applies. For illustration the theory 12 is applied to the complex nonlinear Klein-Gordon equation which has two singular curves in the 13 manifold of periodic travelling waves. 14
Introduction. Modulational instability is one of the key ways that periodic

42
Here, A and B are evaluated at Ω = q = 0. The characteristics are exists precisely when ∆ L > 0. While ν is of order one, νX = ενx, and so the modu-51 lation wave number can be interpreted as being of order ε in the original coordinates.
52
Since the WMEs are dispersionless, there is no wavenumber cutoff of the modulation 53 instability.
54
In terms of characteristics, this modulation instability highlights the Lighthill [20], the review articles [29, 11] , and the special issue on Whitham theory [5] .
59
In this paper the interest is in the case when the Lighthill determinant is singular 60 (7) ∆ L := det A ω A k B ω B k = 0 but A ω = 0 and A k = 0 .
61
The condition ∆ L = 0 defines a curve in the (ω, k) plane locally separating stable and 
where U is the open subset of R 2 for which periodic travelling waves exist. This 66 notation comes from singularity theory and is elaborated further in §2, as the geometry
67
of Σ 1 appears in the phase modulation theory. A typical Σ 1 curve is shown in Figure   68 1.
69
As far as we are aware, a modulation theory near an elliptic-hyperbolic transition 70 curve, generalizing Whitham modulation theory, has not been attempted heretofore.
71
One strategy for deriving a new modulation equation near a Σ 1 curve is to take the
Whitham theory to higher order. Luke [25] has given a theory and algorithm for 73 deducing higher-order Whitham equations. However, the theory is quite complicated 74 after the first order, and a clear closed system does not immediately emerge.
75
Another strategy is to change the time scale. The breakdown of the WMEs can 76 be interpreted as a signal that a change in time scale, from T = εt to T = ε 2 t, is 77 appropriate. Another feature of points on Σ 1 curves with A k = 0 is that the linearized
78
WMEs have a double characteristic with nonzero speed, suggesting a moving frame 79 is appropriate. Since A k = B ω , the speed at the double characteristic is
81
The symbol c g is used as this velocity is a form of nonlinear group velocity. It is inter- 
with 95 X = ε(x − c g t) and T = ε 2 t .
96
Substitution into the governing equations, which are the Euler-Lagrange equations 97 based on a general abstract Lagrangian, then leads at fifth order in ε via a solvability 98 condition to the new modulation equations replacing (2) and (3),
99
(12) q T = Ω X and A ω Ω T + κqq X + K q XXX = 0 .
100
Differentiating the second equation with respect to X and using the first equation
101
shows that it is a variant of the two-way Boussinesq equation, but with coefficents that 102 are universal in the same sense that the Whitham equations are universal (that they
103
follow from the abstract properties of the Lagrangian). The importance of A ω = 0
104
shows up in the first coefficient. The second coefficient, κ is the second derivative of the and it illustrates the key features induced by the elliptic-hyperbolic transition.
138
There is an interesting geometry associated with the mapping
and it is developed in §2. 
appears centrally within the modulation theory. The Jacobian of this mapping,
is degenerate on the Σ 1 curves (7). With the assumptions (7), the trace of DF is 157 nonzero and so the zero eigenvalue of DF is simple with geometric eigenvector
Since DF is symmetric, n is both a left and right eigenvector. In terms of c g 160
modulo a nonzero multiplicative constant. Although this eigenvector is not unique 162 the choice (14) is canonical in that it will be shown to be relevant in the modulation 163 theory.
164
The symbol n is used for the eigenvector in (14) because it is a normal vector.
165
However, it is not the normal vector to the curve Σ 1 , it is the normal vector to the 166 image of this curve in the (A , B) plane. To see this first look at the geometry of the 167 curve defined by Σ 1 . To lighten the notation define
169
Then the normal vector to the curve ∆ L = 0 is proportional to ∇f . A schematic is
170
shown on the left in Figure 2 . Now parameterize the curve ∆ L = 0 by (ω(s), k(s)).
171
Then a tangent vector on the image of the mapping
The left eigenvector n of DF is orthogonal to this direction, giving a normal vector Arnold et al. [1] . For a mapping from the plane to the plane with a Σ 1 singularity,
178
there are generically two types of curves: either
where ·, · is the standard inner product on R 2 . The cusp condition is simply
183
(16) ∇f, n = 0 . 188
with n in the canonical form (14). The expression on the right is the intrinsic second 
194
The connection between κ in (17) and the fold condition (15) is the following
196
The coefficient on the right is nonzero since the zero eigenvalue of DF is simple. The
197
formula (18) is proved as follows. The function f can be characterized as
and so, using the formula for the derivative of a determinant,
where DF # is the adjugate of DF. Combining
203
Now note that the adjugate of a 2 × 2 matrix of rank 1 is proportional to nn T , and 204 in this case it is exactly
a formula which can be confirmed by direct calculation. Since Tr(nn T A) = n, An 207 for any 2 × 2 matrix A, the formula (18) follows.
208
Writing out (17) using the canonical form for n in (14),
.
210
It is this form of the intrinsic second derivative κ that shows up in the modulation 211 theory as the coefficient of nonlinearity in the modulation equation (12).
212
It is important to note that the "intrinsic" nature of the second derivative does 213 not mean that the value of κ is independent of the choice of n. As an eigenvector n is theory is a general class of PDEs generated by an abstract Lagrangian,
where U (x, t) is a vector-valued field on the rectangle [
advantageous to first transform the Lagrangian density to multisymplectic form,
where now Z ∈ R n for each (x, t) and n is assumed to be even. The Lagrangian density 225 is the same in going from (20) to (21) but the representation (21) has more structure.
226
The operators M and J are constant skew-symmetric n × n matrices and S :
is a given smooth function. The transformation from (20) 
The theory could be developed directly on the primitive abstract Lagrangian (20) 232 but partitioning the Lagrangian density as in (21) gives added structure that greatly 233 simplifies the theory.
234
The basic state is a periodic travelling wave solution of wavelength 2π/k and 235 period 2π/ω of the form
with arbitrary phase shift θ 0 . There is the usual assumption on existence and smooth-238 ness of this solution so that the necessary differentiation in θ, k, and ω is meaningful.
239
The basic state satisfies
An important property of the structure is multisymplectic Noether theory [10] 242 associated with conservation of wave action, that is,
where A, B are the components of the action conservation law, Z(θ, ω, k) is the basic 245 state, and the gradient is defined with respect to the inner product including averaging
where ·, · is the standard inner product on R n .
249
To get the components of the conservation law for wave action, average the La-250 grangian, evaluated on the family of travelling waves, over θ,
and differentiate with respect to ω and k, giving
The key feature here is that the wave action and wave action flux, evaluated on the 255 family of periodic travelling waves, are related to the tangent vectors of the waves via 256 the structure matrices M and J. This is multisymplectic Noether theory in action.
257
The first derivatives needed for DF and ∆ L are
The second derivatives needed in the construction of κ can be simplified by using a 260 boosted symplectic structure. Define
Then differentiating (28) and combining gives
263
(30) 
obtained by linearizing (24). Then differentiating (24) with respect to θ, k and ω
268
gives,
with other derivatives following a similar pattern. The first equation of (32) shows 273 that Z θ is in the kernel of L, and it is natural to assume that the kernel is no larger.
274
Hence assume
For inhomogeneous equations that arise in the modulation theory and the Jordan in the phase modulation theory. Then, using (32),
using the boosted symplectic structure K (29) in the last equality. Therefore, define
290
Then a mixed K−Jordan chain of length two is formed 291 (37) Lξ 1 = 0 and Lξ 2 = Kξ 1 .
292
It is the extension of this chain and its connection with the singularity (7) that will 293 appear in the modulation theory. Since the symplectic structure assures that the 294 chain length is even, a proposed longer chain is
295
(38)
Lξ 4 = Kξ 3 .
296
In this chain it is either assumed that K is invertible or Kξ j = 0 for j = 1, 2, 3. 
310
To summarize: for (ω, k) ∈ Σ 1 , with the assumption (33), the algebraic multiplic-311 itity of the zero eigenvalue of L is at least four and is exactly four when K = 0. Whitham modulation equations (2) are obtained using the modulation ansatz
with φ dependent on (X, T, ε), (2). This modulation ansatz is valid away from a Σ 1 curve.
320
For (ω, k) ∈ Σ 1 the ansatz needs to be modified. A posteriori it is confirmed that 321 the appropriate modification of (41) is
323
The conservation of waves is still operational
324
(43) q = φ X , Ω = φ T , and q T = Ω X ,
325
but the scaling of the independent variables is changed to
327
The strategy is then to substitute the ansatz (42) into the Euler-Lagrange equation 
using (29) and (36). Here, W 3 is obtained from the Taylor expansion of W ,
The equation (45) is solvable for (ω, k) ∈ Σ 1 due to (39) . Hence
where at this point α(X, T ) is an arbitrary function. 
342
A curiosity in the theory is that the q T and Ω X terms are exactly solvable for (ω, k)
using the definition of c g and the cross-derivatives A k = B ω .
348
The complete solution for W 4 is therefore
where β(X, T ) is arbitrary at this point, and η is a particular solution of
352
The solution η of this equation will not be needed explicitly in the theory, only its 4.2. Solvability at fifth order. After some simplification, the fifth order terms 
369
This simplifies the fifth order equation to 
using (28), and appeal to (40) shows that 378 a 3 = − Kξ 1 , ξ 4 = −K .
379
Using the geometry of the frequency-wavenumber map it is shown below that a 2 = −κ, 
392
Differentiating Lξ 3 = Kξ 2 with respect to θ,
Hence, with Z θ = ξ 1 , the second term in (54) is
using Lξ 2 = Kξ 1 , skew-symmetry of K, symmetry of L, and permutation of the Start with this expression for a 2 , and substitute for Υ and ξ 2 ,
when n is in canonical form (14). The third to last step follows from the substitution curves to the neighbourhood around them, characterised by the small parameter ε. is derived in a specific context, analysis of the solutions follows the standard strategy.
430
Assuming all the coefficients are non-zero, the dependent and independent variables 431 can be scaled so that the coefficients are ±1, simplifying the form of the equation.
432
Starting with (57), scale X, T , and q and let 433 s 1 = sign(∆ L ) and s 2 = sign (A ω K ) .
434
Denote the scaled space and time variables by ξ and τ , and the scaled q by u(ξ, τ ).
435
Then the two-way Boussinesq equation is reduced to the standard form
The set Σ 1 locally separates the subset of the (ω, k) for which travelling waves exist . In the latter case, the initial value problem for the linearized system is ill posed.
441
Consider the linearization of (58) about the trivial solution and consider a normal 442 mode solution of the form e i(kξ+ωτ ) , then the dispersion relation is of the form
444
There are four cases depending on the signs s 1 and s 2 , and they are shown in Figure   445 3. The figure plotsω 2 againstk 2 and soω 2 < 0 indicates linear instability of the 446 trivial solution which in turn reflects linear instability of the basic travelling wave. 
452
The simplest class of nonlinear solutions of (58) 
457
Integrating and taking the function of integration to be constant
The constant of integration h is fixed by initial data or the value of u at infinity. For 
469
The two-way Boussinesq equation is also generated by a Lagrangian, and has Independently, in the same year, Whitham [39] showed that the stabilization point of H (k, I)). In terms of H (k, I) the Lighthill determinant is
An explicit transformation from L to H is given in the introduction and Appendix
495
A of [17] . The sign here differs from [17] and [39] as they define wave-action flux with 496 the opposite sign.
497
Whitham [39] then argues (see §10 in [39] ) that the energy takes a self similar 
504
With this association between the stability-instability transition point and van-505 ishing of the Lighthill determinant, the theory of this paper can be used to deduce 506 that the two-way Boussinesq equation is generated at the transition. 
This solution set consists of a hyperboloid of one sheet in the three dimensional space
541
(ω, k, r) with r = |Ψ 0 | > 0. The projection of this hyperboloid onto the (ω, k) plane 542 is shown in Figure 4 . The unshaded region is the set where solutions of (63) exist and 
550
Evaluate the components of the conservation law on the family of periodic travelling
553
They can also be obtained by substituting (62) into (61), averaging, and differentiating 554 with respect to ω and k. The matrix in the Lighthill determinant is
556
Setting the determinant to zero gives
558
Hence the only non-trivial points in U where ∆ L = 0 are when the second factor
with U defined in (64). The singular set Σ 1 consists of two curves and they are labelled 
565
All the points in Σ 1 are fold points. There are no cusp points in this example, and so
572
Combining gives 573 κ = 2 3k 3 .
574
Since A ω Σ 1 = 2k 2 , the emergent two-way Boussinesq equation is 575 2k 2 q T T + 2 3k 3 (qq X ) X + K q XXXX = 0 .
576
It remains to compute the coefficient of dispersion. It can be computed in this case 577 by deriving the dispersion relation for the linearization of (60) about the periodic 578 travelling wave, but the Jordan chain strategy is used instead to illustrate it in an 579 example, and because it is the most general strategy for more complex problems. 
584
Then CKG has the multisymplectic formulation
where I 2 is the 2 × 2 identity matrix, or
592
In these coordinates the basic state is
and the Jordan chain satisfies Lξ j = Kξ j−1 , j = 1, 2, 3, 4 with ξ 0 = 0. Computing
and,
where Rξ 1 represents the arbitrary amount of homogeneous solution. The first three 603 terms in the Jordan chain will be sufficient for computing K since it is linearly ill-posed and so general initial data may be dramatically unstable. 
